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ABSTRACT: The scattering function covering the range of light, small-angle X-ray, and neutron scattering 
is evaluated on the basis of the wormlike and helical wormlike chain models. Evaluation is carried out exactly 
but numerically by the weighting function method and e method developed previously. Interpolation formulas 
for the scattering function as a function of scattering angle and chain length are also presented and are useful 
for various values of the model parameters. The scattering function of the helical wormlike chain may exhibit 
a maximum and a minimum, but that of the wormlike chain is a monotonically increasing function of scattering 
angle and does not exhibit a plateau in the transition range. 

On the bond-length or somewhat longer scale, any real 
flexible or stiff chain may be represented by a helical 
wormlike (HW) chain.',2 Therefore, the scattering function 
covering the range of light, small-angle X-ray, and neutron 
scattering may be evaluated on the basis of this model3 as 
well as on the basis of the rotational isomeric state model.* 
Although the range of its application is limited because 
of an inevitable continuous-point-scatterer approximation, 
our model augments our understanding of the general 
behavior of the scattering function. We initially evaluated 
i t  by using a Hermite polynomial expansion5' of the 
distribution function of the end-to-end distance and 
presented some preliminary numerical  result^.^ Subse- 
quently, we devised two more efficient, complementary 
approximation methods, i.e., the weighting function me- 
thod8,' and the E method,' in order to obtain better con- 
vergence at  large scattering angles. The object of the 
present paper is to complete numerical computations by 
these methods and present empirical interpolation for- 
mulas for the scattering function as a function of scattering 
angle and chain length which are useful for various values 
of the model parameters. 

The Kratky-Porod (KP) wormlike chainlo is also con- 
sidered as a special case of the HW chain. It is then 
pertinent to note that wormlike chain statistics has been 
introduced only approximately in earlier  investigation^,^'-'^ 
though the exact evaluation has been carried out for the 
infinitely long chain14 and also in the light-scattering 
range. 15-17 

Methods of Numerical Calculation 
All lengths are measured in units of the stiffness pa- 

rameter A-' as usual.',2 The scattering function, or form 
factor, P(0) P(k;  L ) ,  for the general continuous chain of 
total contour length L and without excluded volume is then 
given, in the point-scatterer approximation, by 

P(k;  L )  = 2L-2SL(L 0 - t)Z(k; t )  dt ( 1 )  

where I(k; t )  is the characteristic function, or the Fourier 
transform of the distribution function G(R; t )  of the 
end-to-end distance R, for the chain of contour length t ,  
and k has the meaning of the scattering vector whose 
magnitude is 

( 2 )  
with 0 the scattering angle and A' the (reduced) wavelength 
in the scattering medium. For the HW chain, P(k;  L )  
depends also on the three model parameters: the constant 
curvature K~ and torsion 70 of the characteristic helix and 
Poisson's ratio u. However, for simplicity, we assume that 
u is zero as in most of the cases studied previously. For 
the KP chain, for which K~ = 0, P(k; L )  is a function of only 
k and L. 

k = (4ir/A') sin (0/2) 
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Now, we give a short sketch of the weighting function 
method and the t method for the evaluation of I(k; t). The 
former provides a least-squares approximation to the 
distribution function G(R; t), as given by eq 4 with eq 16 
and 20 of ref 9; i.e. 

where w ( p )  is a weighting function defined by 

W ( P )  = exp[-w2 - a2p - ( ~ P ' ) ~ I  (4) 

p = ( 3 / 2 ( R 2 ) ) ' / ' R  (5) 

with 

The coefficients ul, u2, b, and Mm are functions of the 
contour length t and the model parameters K~ and 70; the 
first three are first determined in such a way that the 
normalized weighting function gives the exact moments 
( R 2 ) ,  ( R 4 ) ,  and ( R 6 ) ,  and then M, (m = 0-s; s 1 3 )  are 
determined in such a way that the G(R; t )  given by eq 3 
with this w gives the exact moments (R2") (m = 0-s). We 
note that w ( p )  with u2 = 0 is the weighting function of 
Fixman and Skolnick8 and that when u2 = b = 0, eq 3 gives 
the Hermite polynomial expansion of G(R; t).+' By 
Fourier inversion of G(R; t ) ,  we obtain for I(k;  t )  

I(k;  t )  = 4nk-' R sin (kR)G(R; t )  dR ( 6 )  

The determination of the coefficients above and the in- 
tegration in eq 6 must be carried out numerically. 

For very small t ,  the weighting function method breaks 
down? and the t method is used. If we define the relative 
deviation t of R2 by 

(7) 

Lrn 

R2 = ( R 2 ) ( 1  + t) 
we have 

so that (em) (m I 1) may be expressed successively in 
terms of (R") ( r  = 1-m). Then, we have the sth-order t 
expansion of PJ7 

with 
(10) x = (R2)' l2k 

where j m ( x )  is a spherical Bessel function of the first kind. 
We note that (E) = 0 and (em) = O(tm) for m L 2. The 
moments ( R Z m )  ( m  = 1-s) required in both methods may 
be evaluated by an operational method.'* 
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Figure 1. Z(k; t )  plotted against the reduced contour length t 
for the KP chain for k = 5 and k = 10. The full and broken curves 
represent the values by the weighting function method ( t  20.5) 
and by the c method ( t  < 0.5), respectively, both for s = 5.  The 
latter values for s = 1 and s = 3 are also included for k = 10. s 
is the degree of approximation. 

We have examined the convergence of I(k; t )  obtained 
by the weighting function method for s = 3-5 and by the 
t method for s = 1-5, where s is the degree of approxi- 
mation. If k is increased a t  constant K~ and 70, the radius 
t of convergence becomes small for the t method, and the 
convergence of the weighting function method becomes 
bad over the whole range of t. If the helical nature9J9 of 
the chain becomes strong, the radius t of convergence again 
becomes small for the t method, but the convergence of 
the weighting function method becomes good even for 
small t and large k. Thus, it has been found that if k is 
not very large, we may obtain accurate values of I(k; t )  over 
the whole range o f t ,  using the values from the t method 
for t smaller than some small value and from the weighting 
function method for t larger than that value, both for s = 
5, for any of those values of K~ and T~ for which the latter 
method has the solution. Note that the stronger the helical 
nature of the chain, the wider the range of k over which 
the values of I(k; t )  are available. For the KP chain ( K ~  

= 01, for example, they are available for k 5 10. Figure 
1 shows plots of I(k; t )  against t for this chain for k = 5 
and k = 10. The full and broken curves represent the 
values from the weighting function method ( t  1 0.5) and 
from the t method ( t  C 0.51, respectively, both for s = 5, 
the latter values for s = 1 and s = 3 also being included 
to  indicate the convergence for k = 10. For this k, the t 
method is seen to be convergent for t 5 0.6 (when K~ = 0). 

Finally, the values of the scattering function P(k; L )  are 
obtained from eq 1 with the values of I(k; t )  above by 
carrying out the integration over t numerically as b e f ~ r e . ~  
All numerical work has been carried out with a FACOM 
M-200 digital computer in this university. 

Empirical Equations 
In order to construct empirical equations for the scat- 

tering function, it is convenient to use instead of K~ and 
To the parameters p and Y defined by19 

/.L = T0(Ko2 + 702)-1/2 

Y = (KO' + 702)1'2 (11) 
and also to consider instead of P ( k ;  L )  the function 
F ( k ;  L )  defined by 

(12) 
Note that F ( k ;  L )  corresponds to the quantity usually 

F ( k ;  L )  = Lk2P(k; L )  
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plotted in small-angle X-ray and neutron scattering ex- 
periments. For the present purpose, we have obtained the 
numerical values of F(k;  L )  for K~ = 0 (Ipl = l), the values 
of K~ and To indicated by the filled points in the ( K ~ ,  T ~ )  
plane of Figure 3 of ref 19 (except p = 0.5 and Y = 8) and 
also p = 0, 0.2, and 0.4 with Y = 1, and for various values 
of L ranging from 0.05 to 10000 over the range of k of 
convergence. 

It has been found that F(k; L)  may well be approximated 

(13) 
by 

Fo(k; L )  is given by 
F(k;  L )  = Fo(k; L)I'(k; L )  

Fo(k; L )  = [I - ~ ( k ,  L) lF(c*) (k;  L )  + x(k, L)F(,,(k; L )  
(14) 

where F ( p ) ( k ;  L )  is the Debye scattering function for a 
random coilzo having the same mean-square radius of gy- 
ration (S2) as that of the HW chain under consideration 

Fo*)(k;  L )  = 2k2Lu-2(e-U + u - 1) (15) 

with 

u = (S2)kZ (16) 
F ( R ) ( ~ ;  L )  is the scattering function for the rod20,21 

F(,)(k;  L )  = 2k Si ( k L )  - 4L-1 sin2 (f/,kL) (17) 

with Si the sine integral 

Si ( x )  = L' t - l s in  t dt (18) 

2 2 
B~ = 2 b,,ijL-j + 2 b2,i,Ue-2L 

j = O  j =  1 

with qj, a2,i,, b,,ij, and b2,i, being numerical coefficients 
dependent on p and Y. 

The mean-square radius of gyration (S2) of the HW 
chain in eq 16 and 20 is given by eq 56 of ref 2 with t = 
L and u = 0, i.e. 

(S2) = P 2 ( S 2 ) K P  + 
2 

cos (24) + - cos (34) - 
3r2 r2 r3L 

(0 = 0) 

(24) 

2 2 - cos (44) + -e-2L cos (YL + 44) 
r4L2 r4L2 

where 
r = (4 + Y ~ ) ~ / ~  (25) 

4 = c0s-l ( 2 / r )  (26) 
and ( S 2 ) K p  is the ( S 2 )  of the KP chain with the same X-' 
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as that of the HW chain under consideration and is given 
by 

(Note that eq 27 was originally derived by Benoit and 
Doty.22) 

The numerical coefficients in eq 22 and 23 have been 
determined by the method of least squares for the re- 
spective pairs of values of p and u ( K ~  and 7 0 )  above, and 
the results are given in Tables I-IV. It is difficult to 
construct empirical equations for these coefficients as 
functions of p and u. The application of eq 13 is limited 
to  the range of k 

it I 10 
k I 1 0  + 2 . 5 ~  for K~ # 0 (28) 

In this range of it, the solution obtained by the weighting 
function method and the e method is convergent, and the 
continuous model itself may be regarded as valid. Within 
the range of its application, the error in the value of F 
calculated from eq 13 does not exceed 190 except for p = 
0 and u = 5 and for p = 0.1 and u = 6, in which cases the 
maximum possible error is 2% for 0.4 5 L 5 50 and k k 
5. 

We note that for very small L, we may also use eq 42 
with eq 43 of ref 17 derived for P(k;  L) by the e method 
near the rod limit in the light-scattering range. 

Numerical Results and Discussion 
In this section, we examine the behavior of the scattering 

function F ( k ;  L) calculated as a function of k from eq 13, 
taking as examples two HW chains, code 1 ( p  = 0.2 and 
u = 4) and code 2 ( p  = 0.2 and u = 3), and the K P  chain 
( K ~  = 0 or Ipl = 1). For comparison, we also consider the 
first Daniels approximation F(,,) to F,  which is given by 
eq 76 of ref 23 

for K~ = 0 (KP) 

6C 1 
- [ ( u  + 2)e-U + u - 21 (29) 
c,L 

with 
u = 1/6C,Lk2 (30) 

(31) 

(32) 

and 
C, = (4 + 702)/(4 + U 2 )  

Co = -1/2Cm2 + 2 ~ 0 ~ ( 4  - 72)/(4 + u ~ ) ~  

C 1  = 4/15 - 4/5K02[1 + (101 + Ko2)/(4 + 70') + 
3(160 + 7 ~ 0 ~ ) / ( 4  +  TO^)^]/(^ + u2)(36 + u2) (33) 

In eq 29, F(&; L )  is given by eq 15 with eq 30 instead of 
with eq 16. Note that when K~ = 0, F(Dl)(k; L) given by eq 
29 reduces to the scattering function of Sharp and 
B l ~ o m f i e l d ~ ~  with c, = 1, co = -,I2, and c1 = 4/15. 

The values of F(k; L) for codes 1 and 2 and the KP chain 
in the range of convergence are represented by the full 
curves 1,2,  and KP in Figures 2-4 for L = 5,80 ,  and 10OO0, 
respectively. The chain curves represent the corresponding 
values of F(D1) calculated from eq 29, the dotted curves R 
the values of F(R) calculated from eq 17 for the rods with 
the respective L,  and the broken curves C(1) and C(KP) 
the values of F p )  calculated from eq 15 for the random 
coils with the same model parameters as those of code 1 
and the KP chain, respectively. We have already found 
that for the KP chain in the light-scattering range of small 

I Y 
/' 
i 

/'K P 
60 /' 

k 
Figure 2. Scattering functions F plotted against the reduced 
magnitude k of the scattering vector for code 1 (p = 0.2, v = 4), 
code 2 (p = 0.2, v = 3), and the KP chain, indicated by the attached 
numbers and symbol, each with reduced contour length L = 5. 
The chain curves represent the corresponding values of F(D1 for 
the first Daniels approximation, the dotted curve R the values 
of F(R) for the rod, and the broken curves C(1) and C(KP) the 
values of F(c*, for the random coils having the same mean-square 
radii of gyration as those of code 1 and the KP chain, respectively. 

20 

I I I 
5 I O  15 2 0  

Figure 3. Scattering functions F for reduced contour length L 
= 80. See legend to Figure 2. 

k 
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Figure 4. Scattering functions F for reduced contour length L 
= 10000. See legend to Figure 2. 

k, the first Daniels approximation is quite successful for 
L 2 10 but breaks down for smaller L.15 This approxi- 
mation is bad also for the HW chain at L = 5, as seen from 
Figure 2. We note that for the KP chain with L = 5 in the 
range of k I 3, the approximation seems to be good, but 
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Finally, we briefly discuss the dependence of the be- 
havior of F(k;  L )  on the model parameters KO and T~ When 
F exhibits a (first) maximum with a (first) minimum for 
certain values of K~ and T ~ ,  the latter value of F,  which we 
designate by Fmin, has been found to be almost inde- 
pendent of L (and also k ) .  Thus, we define a dimensionless 
ratio y by 

Y = F m i n / F ( o ;  (37) 

where F(0; a) is given by eq 20 of ref 3 
F(0; m) lim [lim F ( k ;  L ) ]  = 12c,-' (38) 

and we may take as Fmin its value for L = m, so that y 
depends on K~ and T~ but not on L. The curves with con- 
stant y in the ( K ~ ,  T ~ )  plane, which have been determined 
by interpolation, are shown in Figure 5, where the first 
maximum and minimum of F occur for the values of and 
T~ in the shaded domain. It is seen that the stronger the 
helical nature of the chain, the smaller the ratio y, and 
therefore the sharper the maximum and minimum of F ,  
as expected. 
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Figure 5. Curves with constant y in the ( K ~ ,  T ~ )  plane. The (first) 
maximum and minimum of F occur for the  values of K~ and T~ 

in the shaded domain. 

the function P(D1, itself deviates appreciably from the exact 
P. For large L and small k, however, the first Daniels 
approximation is very good for the HW chain as well as 
for the K P  chain, as seen from Figures 3 and 4. 

The full curves in Figures 2-4 are seen to approach 
straight lines asymptotically as k is increased. Indeed, we 
have 

F ( k ;  L)  -+ xk + C(L) (k - m) (34) 

C(L) = -2L-' (rod) (35) 

a m )  = 73 (KP) (36) 
where eq 36 is due to des Cloi~eaux. '~ It  is impossible to 
evaluate C(L) analytically for the KP and HW chains with 
finite L. Therefore, eq 13 has not been constructed so as 
to give the correct C(L), though it is useful within the range 
of its application. 

des Cloi~eaux'~ has evaluated F numerically for the KP 
chain with L = m for k I 8. His results almost agree with 
the corresponding values shown in Figure 4 for L = 10000 
in the range of k L 0.5. Note that F ( k ;  m) = 1 2  at  k = 0 
for K~ = 0 (see below). For the KP chain, therefore, we may 
conclude that F ( k ;  L )  increases monotonically with in- 
creasing k for all values of L (see Figures 2-4). In other 
words, it does not exhibit even a plateau in the transition 
range of k from random coil to rod, as observed in the 
small-angle neutron scattering by p ~ l y s t y r e n e ~ ~ , ~ ~  and 
p ~ l y e t h y l e n e ~ ~  chains. Earlier theories12J3 happen to 
predict the existence of the plateau region for the KP chain 
because of the approximations involved. Thus, within the 
framework of the continuous model, it can be explained 
by the HW chain but not by the K P  chain, as seen from 
Figures 3 and 4. 

with 


